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1. INTRODUCTION 
101. Object and Scope 
The object of this study is to develop an effective numerical 
approach for the determination of the stresses near corners and notches in 
bounded elastic media. Only two-dimensional bodies in which the classical 
small displacement theory is assumed to hold will be considered. 
As is well known~ the formulaticn of the problem in accordance 
with the small displacement theory may give rise to stress singularities. 
Obviously, this is an idealization of the physical problem in which yielding 
or other nonlinear behavior precludes the possibility of infinite stresses. 
Nevertheless~ the determination of singular elastic stress states is an 
important considerati·:Jn in problems where small scale yielding is encoun-
C )* teredo 1. 
No attempt has been made to provide solutions for a large number 
of technically important problems which are of current interest 0 Instead, 
the solutions to three sample problems were obtained in order to establish 
a firm basis for evaluating the effectiveness of the method. 
A subsidiary goal of this study is to extend the Somigliana in-
1 '.j: l' (2) b d' . h t h d k tegra equatlon -,-OrmtLatlon 'Co 0 les Wl 't corners, noces an crac s. 
In the past, these problems have been ignored or purposely not broached. (3),(4) 
If the integral equation technique is to find practical application such an 
.. . . 1 f' (4) extenslon lS as lmportant as recent numerlca re lnements. 
* Numbers in parentheses refer to entries in the List of References. 
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1 e 2. Some Existing Procedures for Approximating Singular Stress Fields 
A variety of exact singular solutions for infinite regions are 
d "- 'I bl (5),(6) rea i~y aval a e. However; the problem of obtaining an exact solu-
tianin a bounded region with prescribed boundary values is generally in-
tractable. One is, therefore, usually compelled to seek approximate schemes 
which are capable of providing satisfactory results with a reasonable 
expenditure of computational effort. 
In recent years, this problem has been approached from several 
different points of view. One method is based on a direct application of 
the Williams stress field(7),(8) for an infinite, two-dimensional wedge 
with a prescribed angle that can vary between 0° and 360 0 0 For a given 
angle there are an infini~e number of these solutions satisfying ·certain 
prescribed homogeneous boundary conditions along the faces of the wedge. 
The actual field is represented by a finite sum of these solutions, each 
cf which involves a mUltiplicative constanL that is determined in accord-
ance with a boundary collocation procedure. This method appears to give 
. (9) (10) 
satisfactory results near crack tlpS. ' However, Wilson's(9) results 
indicate that the far-field stresses tend to oscillate with increased 
frequency and amplitude as more boundary points are added. 
Conformal mapping techniques may also be applied to problems in 
h " h . 1 .. . (11),(12),(13) w lC stress slngu arltles arlse. Usually, this method 
works best when the shape of the original region is fairly simple, such as 
a rectangular plate with two symmetric edge cracks. In this case, 
Bowie(13) has suggested the use of a truncated·ma~ping series that pre-
serves the local geometry near the crack tip. However, this approximation 
3 
tends to distort the remaining portion of the boundary. Furthermore 9 an 
extension of the method to shapes with several corners would be more dif-
ficult. 
It is also possible to apply a variety of other . methods which 
entail a physical discretization of the medium such as finite element or 
lumped parameter methods. The inherent disadvantage of the more conven-
tional schemes is that the discretization must be extremely fine in the 
neighborhood of a singular point. Consequently, one is forced to deal with 
a large number cf simultaneous equations. Unless special measures are 
taken it is impossible to reflect the true nature of the field in the 
elements adjacent to the singularity. 
One means of improving the situation would be to include the domi-
nant character 'of 'the nonanalytic stress state in the approximate analysis~ 
This idea has been implemented in recent applications of the finite element 
method ~o both linear and nonlinear problems. (14) Radial elements capable 
of representing the singular character of the field were used in the 
vicinity of a crack, This type of element is particularly well suited for 
problems with circular boundaries. It would be more difficult, however, to 
treat problems with complicated boundaries that contain several singular 
points. In addition, the displacement functions for the radial elements 
do not include the character of the additi,Gnal s-cates which may have a sig-
nificant effect on the nonanalytic elastic field (see, e.g., Chapter 5). 
Considerable attention has been given to particular types of 
integral equation formulations for infinite bodies with cracks. (5) In 
certain problems s dual integral equations have been obtained and solved 
, 1 b' d (15)5(16) apprOxlmate y y varlOUS proce ures. However, very little effort 
4 
has been directed toward the application of these methods to bounded regions. 
O · . b B k (17) d "b . 1 . f ne lnterestlng paper y uec ner escrl es an lntegra equatlon ormu-
lation for an annular rotor with a radial crack at the inner boundary. This 
formulation uses the Muskhelishvili approach(18), together with an approxi-
mate method of solu~ion which includes the known character of the displace-
mentso Numerical results were reported for the special case in which the 
outer radius is taken as infinity. Extensions to non~ircular regions with 
several corners do not appear obvious. 
1.3. General Description of the Proposed Method 
The method is based on a singular integral equation formulation 
of the problem. An essential feature in the formulation is that the asymp-
totic character of the nonanalytic stress state is expressed in terms of an 
eigenfunction expansion where each of the eigenfunctions is known to within 
a multiplicative constant. This constant is referred to as a generalized 
displacement. The kernels for the integral equations corresponding to 
points along smooth portions of the boundary are obtained from solutions to 
concentrated force problems in the usual manner. However, new kernels are 
derived in the formulation of the integral equations at the points associated 
with stress singularities (see Chapter 3). The two types of integral equa-
tians form a coupled system involving the generalized displacements and 
boundary values as unknowns 0 
The main advantage of the proposed method is that it leads to a 
well conditioned system of linear algebraic equations for bodies of almost 
any shape. In addition, it turns out that the generalized displacements 
at a singular point depend almost entirely on the boundary values at fairly 
remote points. This appears to have a stabilizing effect on the solution. 
5 
The proposed integral equation ~echnique differs considerably 
from the ones referred to in Section 1.2. As will be seen later, the 
integral equations developed in the present study which determine the 
character of the stress singularities involve only the far-field displace-
mentso In contrast, Bueckner's integral equation extends over the crack. (17) 
Moreover 5 in (17) a different type of kernel occurs which is derived 
especially for a notched rotor. 
1" 4 c Notation 
The symbols used in this study are defined where they first appear. 
For convenient reference, the more important symbols are listed below. 
Some symbols are assigned more than one meaning; however, ambiguities do 
not occur in the context of their use. 
A , B 
m m 
D 
D 
E 
K*(£)D*(£) K*(£)D~(i) 
n pn' n ~n 
E. 
J 
m-th eigenfunction 
m-th eigenvector 
region occupied by a two-dimensional 
body 
circular sub-region of D, radius = E 
(see Fig. 6) 
m-th actual displacements near a 
corner or crack 
n-th auxiliary solution near a corner 
or crack tip 
leading error term for the approximate 
integrals evaluated over the j-th 
boundary interval 
j-th boundary interval (see Fig. 11) 
line integrals 
K (Q,) 
m 
L 
L 
s 
n (Q) 
N. 
J 
P 
P, Q 
Q
s 
r 
r 
x' 
r y' r n , r s 
s (Q) 
S p' S¢, Sp¢ 
* * * S pi' S¢i' S ¢. p 1 
t. (Q) 
J 
* t .. (Q) 
1J 
T et) T(Q,) 
pm' ¢m' 
u. (Q) 
J 
u~. (Q) 
1J 
Wd 
6 
m-th generalized displacements 
bounding curve of the region D 
bounding curve of the region D 
s 
outward normal at a point Q on L 
(see Fig. 2) 
number of subdivisions in the j-th 
boundary interval (see Section 4.2.3) 
an interior point in D + L 
boundary point on L 
a boundary point on L 
s 
distance between two boundary points 
P and Q 
derivatives of r with respect to 
x, y, n, and s 
tangent at a point Q on L 
actual stresses near a corner or the 
tip of a crack 
auxiliary stresses near a corner or 
crack tip 
actual far-field tractions at Q 
auxiliary far-field tractions at Q 
m-th actual stresses near a corner or 
crack tip 
n-th auxiliary stresses near a corner 
or crack tip 
actual far-field displacements at Q 
auxiliary far-field displacements at Q 
net reciprocal work along L 
s 
rectangular coordinates 
.. (X-) 
1 " 
nl. 
E: 
e 
o 
7 
generalized forces 
radius of the circular region D 
E: 
included angle of a notch (see Fig. 6) 
m-th eigenvalue 
polar coordinates 
stresses at interior points in D + L 
The summation convention is used on the repeated subscripts j in the 
integral relationships 0 
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2. DISPLACEMENTS IN THE NEIGHBORHOOD OF 
AN IRREGULAR BOUNDARY POINT 
2.1. Irregular Boundary Points 
Consider a two-dimensional region D enclosed by a curve L. A point 
P on L is regular if the tangents to L are continuously turning in the 
neighborhood of P. However, if the tangent at P is not uniquely defined, P 
is termed irregular. The tip of a crack or the vertex of a wedge are par-
ticular examples of irregular boundary points c A more gene'ral case would be 
one in which two curves intersect ~o form a curvilinear angle. 
2.2. Character of the Displacements 
It is essential in the development of the proposed method to be 
able to establish the character of the displacements in the neighborhood of 
an irregular boundary point, Analytical schemes for solving this problem 
are well known and appear to give the same results. (7),(8),(19) 
. . (19) The recen~ approach of o. K. Aksentlan ,which is based on 
an elastic analysis of a three-dimensional wedge (see Fig. 1), is of par-
ticular interes~ in that it provides a general treatment of the problem. 
By considering the structure of the three dimensional equilibrium equations 
in a sufficiently small neighborhood of the irregular point, Aksentian was 
able to show that certain terms in the original unwieldly equations of 
equilibrium in curvilinear coordinates could be neglected. The resulting 
simplifications led to the following expressions: 
where 
2 (m-l) 
m-2 
2 (m-l) 
m-2 
9 
_ 3m-4 dU¢ 
m-2 8¢ 
m 
---m-2 
,,2U'+' _ ~ ,,2Up _ 3 4 "IU ,,2U'+' 
o '+' 0 U¢ + ~ _0 _P + _0 _'+' = 0 
8¢2 ~2 8t8¢ m-2 8¢ at2 
o 
t 1 np ~ '..: "'. = 1 / \) 
(2.1) 
(2.2) 
It is interesting to note that although Eqs. (2.1) are coupled they 
do not depend on U i.e. on the displacement component orthogonal 
s 
to the p-¢ plane. In fact, it is easy to verify that the displacements U 
P 
and U¢ are solutions to the classical plane strain problem. 
Inasmuch as this study is confined to two-dimensional problems, 
only the solutions to Eqs. (2.1) are of immediate concern. These solutions 
take the form: 
A p A(¢) 
(2.3) 
where A = a + bi and a, b are real constants. Equations (2.1) and (2.3) re-
qure that 
All + rnA - 3m+4 B l + 2 (m-l) (A 2 -1) A 0 
m-2 m-2 
(2.4) 
2 (m-l) B i I + mA+ 3m- 4 A l + (A 2 -1) B 0 
m-2 m-2 
where A A(¢), B B (¢), and ( ) t 
10 
The solutions to Eqso (204), obtained in the usual manner, can be 
expressed as 
A = C. a" (A, ¢) 
J J 
(j 1, 2, 3, 4) (2.5) 
where a, and b. are trigonometric functions (see Appendix A), and the C. fS ] J J 
are the arbitra.ry constants of integration. The,se constants must be chosen 
so that the displacements (Up' U¢) and the corresponding stresses esp' s¢, 
Sp¢) satisfy the boundary conditions imposed in the neighborhood of the 
irregular point. If the body were wedge shaped, the boundary conditions 
would be specified along the sides of the wedge. Although Aksentian does 
not mention the more general case where two curves intersect at the irregular 
point, it can be readily seen that the boundary conditions are prescribed 
along the respective limiting tangents of 'the two curves. The specification 
of two homogeneous boundary conditions along each of the limiting tangents 
leads to four linear algebraic equations in the form 
[a .. (A) J4 4[C']4 ~ lJ ,J, .:.. o (2.6) 
where a, < (A) are derived from Eqso (2~3) and the corresponding equations for lJ 
the boundary ~ractions (see Appendix A). In seeking nontrivial solutions to 
Eqs. (2.6) the following characteristic equation must be satisfied: 
Det a. ,(/\) = 0 lJ (2. 7) 
It happens that there are an infinite number of eigenvalues (A ; m = 1,2 •.. ) 
m 
which satisfy Eq. (2.7) and for each of these eigenvalues there corresponds 
11 
an eigenvector [C, ]. 
Jm 
Therefore, there are an infinite number of displace-
ments each of which is determined to within a multiplicative constant. 
2.3. Series Representation of the Displacement Field 
It was shown in the previous section that there are an infinite 
number of displacement fields admissible in a sufficiently small neighbor-
hood of an irregular boundary point. In general, these fields are complex, 
and therefore, have no direct physical interpretation. However, real solu-
tions can be readily obtained by noting from Eqs. (2.1) that any solution 
conjugate to a solution is also a solution. The following standard procedure 
will be used to construct the two independent.rea1 solutions associated with 
the ~th complex eigenvalue. 
Consider a complex displacement field Upm ' U¢m associated with the 
m-th eigenvalue A where 
m 
U pm d u m pm 
d u 
m <pm 
A 
d A (¢)p m 
mm 
A 
d B (¢)p m 
mm 
(2.8) 
The coefficient d
m 
= d1m + d2mi is an arbitrary complex constant. Both 
A (¢) and B (¢) are evaluated in terms of Eqso (2.5) with one element of 
m m 
[c. ] set equal to a suitable constant. 
Jm 
If the displacements in Eqs. (2.8) are solutions to the equilibrium 
equations, then 
A 
U' Am (¢)p m e u = e pm m pm m 
(2.9) 
I. 
U' e e B (¢)p m u = ¢m m ¢m m m 
12 
are also solutions. Obviously, the equilibrium equations are satisfied 
,for any e. Since the general solution 
m 
ur U + U' pm pm pm 
ur = u. + U¢ ¢m <pm m 
must be real, then 
e d 
m m 
Therefore, the general solution can be written as 
K(l) (u + ~ ) 
m pm pm 
K(2) (u - u ) i 
m pm pm 
The K(l) and K(2) are real independent constants 
m m 
K(l) d
ml m 
K(2) 
-d 
m m2 
(2.10 ) 
(2.11) 
(2.12) 
given by 
(2.13) 
Similar expressions for the real stress fields are developed in terms of the 
complex stresses that correspond to the displacements in Eqs. (2.8). The 
complex stresses are derived in Appendix A and are given by 
A -1 
S d s d P (¢)p m pm m pm m m 
A -1 
S¢m = dms¢m dmQ(¢)p m 
A -1 
S d s ::: d R(¢) P m 
p¢m m p¢m m 
13 
(2.14) 
The actual displacements and stresses are now obtained by summing the real 
contributions of the complex solutions. First, the following relations are 
introduced 0 
D '(I) 
(u¢m + ~¢m); D (2) -(u - ~ ) i Pm Pm ¢m ¢m 
(2.15 ) 
D (1) 
¢m CU¢m + u¢m); 
D (2) 
¢m -(u -¢m u¢m) i 
T(l) (s + S ); T (2) - (s -- - ) s i pm pm pm pm pm pm 
T(l) (s¢ + S ¢ ); T ~2) -(s - s. ) i (2.16 ) ¢m m m ' <pm ¢m (j)m 
Then the appropriate substitutions give 
a) Displacements 
(2.17) 
14 
b) Stresses 
S L K(l) T(l) + K (2) T(2) p m m pm m pm 
S¢ I K(l) T (1) + K(2) T (2) (2.18) 
m m ¢m m ¢m 
Sp¢ 
I K(l) 
m m 
T(l) + K(2) 
p¢m m 
T (2) 
p¢m 
The K(l) and K(2) are the real constants defined in Eqs. (2.13) and serve as 
m m 
generalized displacementse In order to insure that the displacements in 
Eqs. (2.17) are bounded the real part of each eigenvalue A must be greater 
m 
than or equal to zero. 
15 
3. INTEGRAL EQUATIONS AT REGULAR AND IRREGULAR BOUNDARY POINTS 
3.1. Introductory Remarks 
The integral equation formulation for regions with irregular 
boundary points is based on Bettits reciprocal theorem. The success of this 
approach, as in most problems that involve an application of the reciprocal 
theorem, depends entirely on the choice of certain "test ll solutions commonly 
referred to as auxiliary solutions. A suitable choice in the axuiliary solu-
tions makes it possible to express the unknown displacements at a boundary 
point P in terms of work integrals that contain the boundary displacements 
and tractions associated with the unknown or actual solution. The resulting 
equations will be termed integral equations at a regular or irregular boundary 
point, depending on whether the boundary point P is regular or irregular. 
A d ' L (2) h' 1· 1·· ccor lng to ove t e ln~egra equatlons at a regu ar pOlnt were lntro-
duced by Somigliana. The more important features of these equations as well 
as a detailed development of the integral equations at irregular points will 
be presented in the following sections. 
3.2. Integral Equations at Regular Boundary Points 
3.2.1. Actual System 
Consider a two-dimensional region D + L, where D signifies the open 
region and L the bounding contour (Fig. 2). The actual field parameters are 
denoted by 
t, (Q); Tractions 
J 
f.(p); Body forces 
J 
u,(p); Displacements 
J 
o .. (p); Stresses 
~J 
16 
where p is a point in D + Land Q is a boundary point. The indices 
(i = 1,2) and (j = 1,2) refer to the (x,y) coordinate directions. 
3.2.2. Auxiliary System 
In the case of the two-dimensional problem, the auxiliary system 
is derived from the well known Kelvin solutions. These solutions satisfy 
the field equations everywhere in the infinite two-dimensional region ex-
cept at a specified point 0 where they become unbounded. The auxiliary dis-
placements are taken as the Kelvin displacements defined in the actual region 
D + L when the singular point 0 is chosen to coincide with some regular 
boundary point P of the actual system. Physically, the auxiliary system 
represents a situation in which two concentrated forces, PI and P2 act at 
P in the x and y directions, respectively. The tractions and displacements 
(Appendix B) at some boundary point, Q, due to the i-th concentrated force 
are denoted by 
t~,(Q); Tractions 
~J 
* u. ,(Q); Displacements 
~J 
where j (j = 1,2) refers to the x and y directions. 
3.2.3. Integral Equation Formulation 
Since the auxiliary solution is unbounded at P, a small region 
which contains P is removed from the body before the reciprocal theorem is 
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applied. The excluded region, D , is conveniently taken as a circle centered 
E 
at P with a radius E. The reciprocal relations for the modified region in 
which the solutions are bounded, are now written as 
J t.(Q.)u'~,(Q )ds(Q) + rt.(Q)u'~.(Q)ds(Q) ] E l] E E j] l] L L-L 
S E 
J t'~.(Q )u.(Q )ds(Q) + Jt':~,(Q)U,(Q)dS(Q) (3.1) l] E ] E E lJ] L L-L 
E E 
where Q represents the points on the circular arc L. If the actual dis-
E E 
placements and tractions, which are regular at P, are expanded about P in a 
Taylor series, it can be readily seen that 
where 
Lim 
c+o 
Lim 
E-+O 
a .. 
l] 
Jt. (Q )u~. (Q )ds(Q ) J E l] E E 
L 
E 
J t ': . (Q ) u. (Q ) ds (Q ) l] E ] E E 
L 
E 
o if i I: j. 
o 
a., u, (P) 
l] ] 
(3.2) 
Therefore, it follows that the integral equations at P can be expressed as 
a., u.(P) + J t~.(Q)u. (Q)ds(Q) 
l] ] l]] 
t. (Q)u .. (Q) ds (Q) J * J l] (3.3) 
L L 
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3.3. Integral Equations at Irregular Boundary Points 
3.3.1. Actual System 
In order to lay the theoretical foundation for the proposed method 
it is first necessary to consider the series representation of the actual 
displacements in the vicinity of irregular boundary points. It should be 
recalled from Chapter 2 that the character of these displacements is estab-
lished in terms of the complex eigenvalues (A ; m = 1,2, .. ). It is convenient 
m 
to regard A as real in the following development, since this makes it possible 
m 
to avoid excessive mathematical manipulation and still preserve the essence 
of the major arguments. Under the assumption that the A are real,the m-th 
m 
displacement and stress fields in Eqso (2.17) and (2Q18) can be written as 
a) The m-th displacement field 
A 
D = K B (¢)p m ¢m m m 
b) The m-th 
A 
T K Pm(¢)p m pm m 
A 
T = K ~(¢)p m ¢m m 
A 
stress 
-1 
-1 
-1 
T K Rm(¢)P m p¢m m 
field 
(3.4) 
(3.5) 
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where the unknown K are the generalized displacements.- The functions 
m 
A (¢), ..... , R (¢) in the above equations- are defined by the following rel~-
m m 
tions 
A (¢) 
m 
c .. a. (¢, A ) 
Jm J m 
B (¢) 
m 
C. . b. (¢, A ) 
Jm J m 
p (¢) C. p.(¢, A ) (3.6) 
m Jm J m 
Q (¢) C .. q. (¢ , A ) 
m Jm J m 
R (¢) 
m 
C. r.(¢, Jm J A ) m 
where j = 1,2,3,4. The a.C¢, A ) through r.C¢, A ) are trigonometric functions 
J m J m 
given in Appendix A, and the constants C. are eigenvectors determined from Jm 
the homogeneous boundary conditions. 
3.3.2. Auxiliary Solutions 
3.3.2.1. Heuristic Development 
The most important step in the treatment of boundary value proble~s 
where some of the boundary points are irregular is to establish equations t:::at 
relate the generalized displacements to the displacements and tractions along 
the boundary. The possibility of establishing these relations in a manne~ 
similar in principle to the approach taken in the formulation of the integral 
equations at a regular point suggests itself if one recognizes the analogy 
between the displacements CUI' u 2) at a regular point and the generalized 
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displacements at an irregular point. Since the Kelvin auxiliaries in effect 
lIpick out" the corresponding displacements (ul ' u2), it is reasonable to 
inquire whether certain auxiliary solutions can be found which pick out the 
corresponding generalized displacements. It turns out that such auxiliary 
solutions do exist. 
A question which arises naturally at this point is: What must b2 
the form of the auxiliary solution which picks out the n-th generalized 
displacement? It suffices, in answering this question, to refer to the form 
of the actual displacements as given by Eqs. (3.4) and to observe that the 
reciprocal relation would involve work terms such as the auxiliary tractions 
multiplied by the corresponding terms of the actual displacements along a 
small circular arc of radius E which excludes the irregular point from the 
body (see Fig. 3). Clearly, the auxiliary solution must be chosen so that 
the work terms remain bounded as E approaches zero. If such a set of solu-
tions exists, then we are led to the conclusion that they are of the same 
form as the corresponding n-th term of the actual solution and that the 
* characteristic exponent /., is the negative of the associated characteristic 
n 
exponent A. That is, 
n 
D pn 
a) The n-th auxiliary displacements 
* K 
n 
* A A (<P)p n 
n 
-'-,~ 
* * A K B (<P)p n 
n n 
(3.7) 
T* 
pn 
* 
T<pn 
* 
T p<pn 
,,,-
where A 
n 
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b) The n-th auxiliary stresses 
* 
* * 
A -1 
K p (<P) p n 
n n 
* 
* * 
A -1 
K Qn (<P) p 
n 
n 
* 
* * 
A -1 
K R (<P)p n = 
n n 
* = -A and K are suitably chosen constants. 
n n 
* * 
(3.8) 
The functions 
A (<P), ••••• , R (¢) are obtained by replacing A by -~ in the corresponding 
n n n n 
functions associated with the actual solution (see Eqs. (3.4) and (3.5». 
;" Similarly, when the A are complex the auxiliary solution is constructed 
n 
from Eqs. (2.17) and (2.18) as shown in Appendix C. 
A more detailed treatment of the preceeding discussion will be given 
in the next section. In addition, it will be shown that the reciprocal work 
terms involving the n-th auxiliary system and the actual solution vanish for 
all m unequal to n. 
3.3.2.2. Formal Development 
The heuristic arguments that led to the formulation of the auxiliary 
solutions presented in the previous section require verification. This can 
be accomplished most directly and without loss of generality by considering 
the manner in which the reciprocal theorem relates the actual solution and 
the n-th auxiliary solution in the specific case of a cracked plate subjected 
to prescribed tractions as shown in Fig. 3. Since the crack is traction-free, 
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the tractions associated with each component of the actual solution must 
vanish. This condition can be expressed in terms of the characteristic 
equation (2.7) which for the traction-free crack becomes 
where 
A 
m 
m 
2 
o 
(m 1,2,3, ...... ) 
(3.9) 
These eigenvalues are positive and therefore conform to the physical require-
ment that the displacements remain bounded and continuous at the irregular 
point, i.e., the crack tip. Obviously, the auxiliary displacements need not 
satisfy this requirement. 
The reciprocal work terms are evaluated along the circular arc L 
s 
(Fig. 3) of radius s and along the remainder of the boundary. For the pre-
sent it suffices to introduce only the work terms along the circular arc 
L and the crack boundary L. Let 
s c 
w12 The work of the actual tractions through the n-th auxiliary 
displacements along L + L • 
s c 
w2l The work of the n-th auxiliary tractions through the actual 
displacements along L + L . 
s c 
The difference of these terms is expressed as 
* 
m 
L K m r ron 
A + A 
m n 
s + ~(s) 
where K are generalized displacements and ~(s) is the reciprocal work 
m 
difference along L. The term r is the work difference along Land 
c ron s 
(3.10) 
is given by: 
r 
mn 
* 
* 
-K 
n 
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2n f [rPmC<I»A:C<I» - P:C<I»AmC<I»] + [~C<I»B:C<I» -
o 
(3.11) 
where K is a suitably chosen constant. The reciprocal theorem relates 
n 
Wd to bounded integrals evaluated along the remaining portion of the boundary 
* Lb. Therefore, if Wd is to have a meaningful interpretation An must be 
chos en so that 
Lim Wd 
s-+o 
is bounded for all m and n. In addition, 
* A + A 
Lim I K r m n S m mn 
s-+o m 
must be nonzero for at least one m. 
* A -A 
n n 
the above requirements are satisfied. 
* 
* If the exponent A is chosen so that 
n 
Furthermore, since A is a solution of 
n 
Eq. (3.9), A or -A is also a solution. Consequently, each auxiliary solution 
n n 
satisfies the traction-free boundary conditions, and 6(S) is identically zero. 
Although this argument is presented with reference to the traction-free crack 
the resulting conclusion can be generalized in terms of the following proposition: 
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Proposition 1 
If each component of the actual solution satisfies a set of 
homogeneous boundary conditions, then there exists a corresponding 
* auxiliary solution with A =·-A satisfying the same boundary 
n n 
condi t ions. 
There is one more remarkable property associated with the auxiliary 
solutions which also applies in the general case. 
Propos i tion 2 
The n-th auxiliary solution picks out only the corresponding 
n-th generalized displacement. 
In the example under consideration proposition 2 states that r = 0 for 
mn 
m :f n.. Since the m-th actual and n-th auxiliary solutions appear frequently 
in the subsequent proofs of propositions 1 and 2 it is convenient to refer 
to them as 
Solution 1 
The m-th component of the actual field defined by Eqs. (3.4), 
(3.5) and (3.6). 
Solution 2 
The n-th auxiliary field defined by Eqs. (3.7) and (3.8). 
Proof of Proposition 1 
Consider the solutions 1 and 2 with n = m and let both solutions 
be defined in the same annular sector (see Fig. 4). Solution 1 satisfies 
a set of homogeneous boundary conditions. This fact can be easily confirmed 
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by recalling that A is obtained by expressing the appropriate boundary quan-
. m 
tities in terms of solution 1. This leads to the four linear algebraic 
equations 
[a .. (A )] 4 4 [C. ] 4 1 1.J m, Jm, [b. ] 4 1 ' for each m 1.m , (3.12) 
The determinant of this system of equations must be equal to zero in order to 
insure that a non-trivial solution exists for the homogeneous boundary con-
ditions 
[b. ] 4 1 [0 ] 1.m , 
The resulting characteristic equation is then used to determine the admissible 
values of A. The corresponding boundary values associated with solution 2 
m 
are obtained by replacing A by -A in Eq. (3.12) giving 
m m 
[a .. (-A )]4 4 [C~]4 1 1.J m, Jm, * [b. ] 4 1 1.m , (3.13) 
.. /t: 
If the determinant D of this new system vanishes then solution 2 satisfies 
the homogeneous boundary conditions, and proposition 1 is proved. Suppose, 
* however, that D does not vanish. Then it is always possible to solve for 
* a unique and non-trivial set of [C. ]4 1 and still satisfy any three of the Jm , 
homogeneous boundary conditions. Now the reciprocal relations are applied 
using solutions 1 and 2 along the boundaries of the annular sector shown in 
Fig. 5. It is easily seen that the reciprocal work terms along the circular 
arcs sum to zero. This is apparent from Fig. 5, by noting that the positive 
directions of tractions are opposite along the two arcs while the positive 
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directions of displacements remain unchanged, and that the variation of the 
stresses and displacements in ~ is the same along both arcs. Therefore, the 
reciprocal relations are expressed as 
where 
* * T~mD~m + Tp~mD~m 
P2 J [1T 2l (8 0 ) - 1T2l (O)]dp 
PI 
* * 1T2l(~) = T~ D~ + T ~ D~ 
't'm't'm P't'm't'm 
(3.14) 
Since solution 2 satisfies three of the four homogeneous boundary conditions, 
all but one of the eight work terms in the reciprocal relation must vanish. 
But then the remaining term associated with the violated boundary condition 
must also vanish if Eq. (3.14) is to be satisfied. The significance of this 
requirement can be illustrated by considering an example where 
T ~ (0) 
P't'm 
T ~ (8) = T~ (0) 
P't'm 0 't'm 
* 
T~ (8 ) 
't'm 0 
o 
If, in determining solution 2, T~m(O) is chosen as the nonzero element of 
the [b~ ]4 1 vector, then the reciprocal relation is given as 
1m , 
P2 J T:m(O)D~m(O)dP 
PI 
o 
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~ 
Since T~(O) is nonzero it follows that D¢m(O) must be zero. Now the choice 
of the nonzero element of the [b~ ]4 1 vector is completely arbitrary and lm , 
therefore this analysis can be performed separately for the two independent 
* [b. ]4 1 vectors which violate the two homogeneous boundary conditions on one lm , 
* edge of the annular sector. Clearly, then the assumption that D does not 
vanish necessarily implies that all the nonhomogeneous boundary values of 
the actual solution vanish along one edge. But if all the tractions and 
displacements on one edge disappear then the existence and uniqueness theorems 
. (20) for ordinary differential equatlons applied to Eqs. (2.4) require that 
the actual solution vanish everywhere. This, however, is an obvious contra-
* dition, since the actual solution is known to be nontrivial. Hence, D must 
be zero. The extension of this proof to cases other than traction-free wedges 
is apparent. 
Proof of Proposition 2 
Consider solution 1 and 2 and let them be defined in the same an-
nular sector for any m and n (see Figs. 4 and 5). The reciprocal theorem can 
be used to relate the two systems of tractions and displacements associated 
with these two solutions. According to proposition 1 both of these solutions 
satisfy the homogeneous boundary conditions. Consequently, the reciprocal 
work terms along both radial edges of the annular sector vanish. The remaining 
reciprocal work terms are related as follows: 
e 
o 
e 
o 
(3.15) 
wp.ere 
'¥ 12 (p , CP) 
'¥2l(P,CP) 
* T D Pm pn 
* T D pn pm 
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* + T D pcpm cpn 
* + T D pcpn cpm 
* Using Eqs. (3.4), (3.5), (3.7), and (3.8), and letting A = -A it is possible 
n n 
to recast the reciprocal relation as follows 
A -A A -A 
m n r 
TIm P2 
m n r 
TIm 
(3.16) 
where r is given by Eq. (3.11). When m is unequal to n the exponent A -A 
TIm m n 
is not equal to zero, and since PI and P2 are arbitrary the reciprocal work 
equation can only be satisfied if r is identically equal to zero. If m 
mn 
equals n equation (3.16) reduces to an identity which reveals no information 
on the nature of r 
nn 
In the proofs of propositions 1 and 2 it was assumed that the A 
n 
were real. However, the proofs remain essentially the same for complex An; 
the only significant difference is that in this case the reciprocal theorem 
is applied to complex displacement and stress fields. The generalized force, 
r ,is derived for complex A in Appendix C. 
nn m 
3.3.3. Integral Equation Formulation 
The procedure for generating the integral equations at an irregular 
boundary point P will be illustrated by considering the region shown in Fig. 6. 
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The boundary tractions and displacements associated with the actual and aux-
iliary solutions are denoted by 
t.(Q); Actual tractions 
J 
u. (Q); Actual displacements 
J 
* t .. (Q); Auxiliary tractions 
1.J 
* u .. (Q); Auxiliary displacements 
1.J 
where j (j= 1,2) indicates the (x,y) coordinate directions and i (i = 1,2) 
refers to the two independent real auxiliary solutions which are derived from 
the corresponding n-th complex solutions (see Appendix C). 
Before the reciprocal theorem is applied to the actual and auxiliary 
solutions a small circular segment D which contains the irregular point is 
E 
removed from D + L. The reciprocity relations for D + L - Dare 
E 
J 
L 
E 
* i~ [t.(Q )u .. (Q ) - t .. (Q )u.(Q )]ds(Q ) = 
J E 1.J E 1.J E J E E 
[to (Q)u~. (Q) - t~. (Q)u. (Q)]ds(Q) 
J 1.J 1.J J 
(3.17) 
Equations (3.17) can be recast by expressing the auxiliary solutions in terms 
of Eqs. (C.3) and (C.4) and by noting that for a sufficiently small E the 
actual solution admits the series representation given by Eqs. (2.17) and 
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(Z.18). It can be readily seen that the appropriate substitutions give 
e 
o 
~ [<SpU:i - S:iUp) +$P~U;i - S;~iU~)]ed~ 
o 
~ 
L-L 
E 
[ t. (Q) u ~ . (Q) - t ~ . (Q) u . (Q) ] ds (Q) J ~J ~J J 
(3.18) 
Since the actual and auxiliary solutions satisfy the homogeneous boundary 
conditions near P, i.e., along BPI and PZN, then the reciprocal work terms 
along these two segments of the boundary vanish and 
J [t. (Q) u~~. CQ) - t ~ . (Q)u. (Q)] ds J ~J ~J J 
L-L 
E 
r [t.(Q)u~.(Q) - t~.(Q)u.(Q)]dS(Q) J J ~J ~J J 
L 
for any small E. Horeover, it follows from propositions I and Z that 
e f o [ CS U*. P p~ 
o 
Z 
I K(,Q,)r(~) 
,Q,=l n n~ 
(3.19) 
(3.Z0) 
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where the K(£) are the generalized displacements associated with the real and 
n 
imaginary parts of the n-th actual displacement field (see Eqs. (2.17) and 
(2.18». The r(~) serve as generalized forces which do not depend on E and 
nl 
are given by 
e e 
o 0 J F(<jl,A )d<jl + b (~)Im J F(<jl,A )d<jl n nl n 
o 0 
(3.21) 
where the a(~) and b(~) are real constants. Usually the F(<jl,A ) are compli-
nl nl n 
cated transcendental functions (Appendix C) and therefore it is often con-
venient to evaluate the integrals in Eq. (3.21) numerically. 
The integral equations at the irregular point P are obtained by 
considering the limit of Eq. (3.18) as E approaches zero. By virtue of Eqs. 
(3.19) and (3.20), 
~[t.(Q)U~.(Q) -- t~~.(Q)u.(Q)] ds(Q) JT I J lJ lJ J 
L 
(3.22) 
3.4. Special Considerations 
3.4.1. Rigid Body Displacements at Irregular Boundary Points 
The integral equation formulation for the rigid body rotation at an 
irregular boundary point follows directly from the formal development of the 
preceding section. Aksentiants solution with A = -1 provides the fundamental 
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rotational auxiliary solution which according to proposition I satisfies 'the 
homogeneous boundary conditions. 
In the case of the rigid body translations, the integral equations 
are derived with the aid of the Kelvin solutions and take on the same form 
as the integral equations (3.3) at regular boundary points. The only dif-
ference is that the a .. at irregular points need not be zero for i unequal 
1.J 
to j. 
3.4.2. Crack Problems 
One can easily see that the Kelvin auxiliary solutions lead to an 
indeterminate integral equation formulation at points along a crack by noting 
that these solutions pick out only two independent combinations of the four 
displacements (cwo on each side of the crack): 
i~ 
t .. (Q)u. (Q) ds (Q) 
1.J J 
(3.23) 
I * t. (Q)u .. (Q) ds (Q) J 1.J 
where a .. = 0 for i # j and where the coincident but physically distinct 
1.J 
points PI and P2 are associated with opposite sides of the crack. Since 
Eqs. (3.23) contain the sum of the displacements at PI and P2 , we seek aux-
iliary solutions that pick out the difference of the displacements at PI 
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and P2 " Such solutions (Appendix B) are readily available(6) and cor-
respond to equal and opposite prying forces acting at some point along 
a semi-infinite crack in an infinite body, as shown in Fig. 7. Using 
these solutions as auxiliaries, we find 
with 
J 
L 
J t. (Q) U ~I: • (Q) ds (Q) J ~J L 
Lim 
s+o 
* t .. (Q)u.(Q)ds(Q) = 
~J J 
* t. . (Q ) u. (Q ) ds (Q ) 
.,"'" C' .., C C" 
..l-J <;.. J '- .... 
(3.24) 
where Sij = 0 for i ~ j. The curve Ls is a circle that excludes PI and P2 
from the body. Although the auxiliary solutions are also singular at the 
crack tip P , the work integrals along a circle L which encompasses Pare 
c s c 
o (s -~) and therefore vanish as s approaches zero. 
Up to this point, only the equations at regular boundary points 
along a crack have been considered. A similar situation arises at the in-
tersection of the crack with the remaining portion of the boundary. In this 
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case the irregular boundary points at the intersection coincide and, there-
fore, two additional equations for the translational displacements are needed. 
Moreover, it is also necessary to introduce an additional equation for the 
rotations when the intersecting boundaries form two right-angle corners. The 
equations for the translations can be established using the auxiliary solu-
tions associated with regular points along a crack. However, it is more 
convenient from a computational standpoint to us.e auxiliary solutions that 
correspond to prying forces acting at the midpoint of a finite crack in an 
infinite body (see Fig. 8). 
The additional rotational auxiliary solution can be derived from 
the general form of Aksentian's solution with A -1. This solution, un-
like the fundamental rotational auxiliary, does not satisfy the local homo-
geneous boundary conditions. In the crack problems considered in Chapter 5 
the additional auxiliary is chosen so that the crack remains traction free. 
-2 In this case, tractions of the order of p exist along the boundary per-
pendicular to the crack as shown in Fig. 9. 
It can be shown that the work integrals with the new Aksentian 
kernels are bounded. Exact expressions for these integrals when the interval 
of integration contains the touching corners are developed in Appendix D. 
3.4.3. Non-Zero Boundary Tractions at Irregular Boundary Points 
The problem of representing the displacements in the neighborhood 
of an irregular boundary point when the local boundary conditions are of the 
homogeneous type was discussed in Chapter 2. It will be recalled that these 
displacements can be expressed in terms of an eigenfunction expansion where 
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each of the eigenfunctions conforms to the homogeneous boundary requirements. 
When tractions are applied at an irregular point (Fig. 10) the actual dis-
placements can be represented by the eigenfunction expansion plus a certain 
"particular" displacement field which satisfies the nonhomogeneous boundary 
conditions. For sufficiently smooth loadings, the particular displacements 
in the vicinity R(P) of an irregular boundary point can be expressed as 
u (p) A I C A (p) (<P)p n p n n n 
(3.25) 
U (p) A I C B (p) (<P) p n <p n n n 
where the A are positive integers. In most practical applications, the boundary 
n 
tractions vary in some simple fashion in the immediate vicinity of an irregular 
boundary point, thereby making it possible to obtain the A and C by inspec-
n n 
tion. In more complicated situations where the tractions near the irregular 
point happen to be nonanalytic, a A representing the nonanalytic character 
n 
of the boundary tractions is chosen. Then the A 's associated with the re-
n 
maining analytic portion of the boundary tractions take on integer values. 
After the A have been established the C can be obtained by an appropriate 
n n 
numerical approximation. 
Once the expansion for the particular solution is known, it is a 
relatively simple matter to include the effects of tractions at irregular 
points in the formation of the integral equations. The same procedures 
described in section 3.3 are used, the only modifications are that the recip-
'rocal. work terms containg the particular displacements and tractions enter 
into the integral equations as known free terms. 
36 
4. NUMERICAL TREATMENT OF BOUNDARY VALUE PROBLEMS 
4.1. Preliminary Remarks 
In most cases the mathematical difficulties encountered in obtain-
ing exact solutions to the integral equations formulated in Chapter 3 are 
insuperable. An effective alternative is to seek approximate solutions to 
these equations at discrete boundary points. As an example, consider a 
region D + L where the boundary points are indicated as shown in Fig. 11. 
Aksentian's solutions, Eqs. (2.17) and (2.18), are used in express-
ing the boundary values along the interval extending from the irregular 
point, up to the so-called transition point (Fig. 11). The boundary values 
over the next interval are obtained from a parabolic interpolation of the 
boundary values at the transition point and at the two adjacent regular 
boundary points. Since the boundary values at the transition point are 
expressed entirely in terms of the generalized displacements, the integral 
equations are written only at the regular and irregular boundary points 
referred to as ordinary boundary points (see Fig. 11). The integrals oc-
curring in these equations are approximated by partial sums. This trans-
forms the integral equations to a set of linear algebraic equations which 
contain the generalized displacements and discretized boundary values as 
unknowns. 
In the preceding discussion it was assumed that Aksentian's solu-
tions are accurate representations of the actual solution along the intervals 
which contain the irregular boundary points. The numerical results pre-
sented in Chapter 5 appear to justify this assumption which, of course, 
underlies the entire theory of Chapter 3. 
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Numerical techniques for evaluating the integrals are presented 
in Sections 4.2.1 and 4.2.2. Section 4.2.1 is concerned with approxi-
mating the integrals when the interval of integration does not contain the 
singular point of the kernel. These intervals may, however, contain a 
number of irregular boundary points. 
An approximate procedure for evaluating the integrals when the 
interval of integration includes the singular point of the Kelvin kernels 
is described in Section 4.2.2. In general, it would be necessary to develop 
a similar procedure for the singular integrals with Aksentian kernels. 
However, if the intersecting boundaries that form the notch are straight, 
it is possible to obtain exact expressions for these integrals (see 
Appendix D). 
4.2. Approximate Representations of the Integral Equations 
4.2.1. Intervals in Which the Kernels Are Bounded 
The integral equations at both regular and irregular boundary 
points, such as Eqs. (3.3) and (3.22), contain the line integrals 
1 t ~ . (Q) u . (Q) ds (Q) lJ J and 1 
which can be written more generally as 
~ g(Q)f(Q)ds(Q) 
L 
* u .. (Q) t. (Q) ds (Q) 
lJ J 
( 4.1) 
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where g(Q) and f(Q) denote the kernels and corresponding boundary values, 
respectively. If the integrand G(Q) = g(Q)f(Q) is regular along any segment 
Q, of L, then I Z can be approximated by 
A,G(Q,)h, 
1. 1. 1. 
(4.2) 
where h, = s'+l - s,. The A, depend on the choice of integration scheme 
1. 1. 1. 1. 
(e.g., trapezoidal rule, Simpson's rule) which reflects the nature of the 
approximation for G(Q). A second order approximation for G(Q) over each 
pair of boundary intervals in Q" i.e., 
3 
G(Q) ~ L 
k=l 
k-l ~s(Q) , s, 1 < seq) - s'+l 1.- - 1. 
proved adequate for the problems treated in this study. 
(4.3) 
A more explicit expression for IQ, can be obtained by substituting 
relation (4.3) into equation (4.1). Since the kernels can be computed at 
the boundary points, it follows that the only unknowns in expression (4.2) 
are the discretized boundary values. 
When the interval of integration contains an irregular boundary 
point, the integrand G(Q) can be conveniently written as 
G(Q) g(Q) L f (A ,Q) 
m 
(4.4) 
m 
where f(A ,Q) denotes the appropriate boundary values expressed in terms of 
m 
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Aksentiants solutions. Then the kernel, since it is smooth, can be ap-
proximated by a p-th order polynomial, thereby, making it possible to inte-
grate G(Q) directly. 
4.2.2. Intervals in Which the Kernels Are Unbounded 
The singular character of the kernels must be taken into account 
when the interval of integration contains the boundary point P at which the 
kernels become unbounded. It is possible to obtain exact expressions for 
the integrals with Aksentian's kernels (see Appendix D). 
If the integrals contain a Kelvin kernel and the boundary near P 
is curved then it is usually more convenient to evaluate the integrals 
numerically. Since in this case P is a regular boundary point, the actual 
boundary values can be approximated by a p-th order polynomial. In addition, 
series expressions for the kernels can be derived by expanding the curva-
ture k(s) of the bounding arc (see Fig. 11) as 
k(s) 
2 
k(O) + k' (O)s + k"(O)~ + . 
2 (4.5) 
d 
where s is measured from p and ( )' = ~(). This relation completely de-
fines the curve in the interval of integration, e.g., observe that 8(s) 
s 
~ k(s)ds + 8(0). 3 The terms of order greater than or equal to O(s ) were 
neglected in the sample problems discussed in Chapter 5. 
A more detailed presentation of the numerical procedure is 
(4) developed by D. J. Forbes. 
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4.2.3. Quadrature Errors 
When the integrand G(Q) in Eq. (4.1) is approximated by a series 
of parabolic curves each of which extends over a pair of intervals, the quad-
rature error associated with the j-th boundary point Q. is proportional to 
J 
GIV(Q.). Now each of the integral equations is singular at some point P, 
J 
therefore~ they contain integrands, i.e., G(Q), which increase without 
bound as Q approaches P. The effect of this on the approximate linear 
algebraic equations is that the coefficients of the unknowns near and at 
P are very large compared with the remaining ones. Therefore, it is desirable 
to make the relative error of the larger coefficients less than the rela-
tive error for the smaller coefficients. In order to accomplish this, the 
intervals between the boundary points are subdivided in accordance with 
the error analysis presented in Appendix E, which is based on a parabolic 
interpolation of the discretized boundary values. This analysis provides 
an estimate of the lower bound for the number of subdivisions N. in the j-th 
J 
interval h. which is expressible in terms of the number of subdivisions N 
J 0 
in the reference interval, i.e., 
N > j 
5/4 (t-) (:~ ) 
\ 0 J 
a/4 
N 
a 
(4.8) 
where rand r are the radii measured from the singular point of the kernel j 0 
to the indicated boundary points (see Fig. 11). ,The value of a depends' on 
the' character of the kernel. For example,' in -the case of the Kelvin 
traction kernel a = 5. 
41 
4.3. Approximate Solutions of Boundary Value Problems with 
Tractions Prescribed 
We have seen that the integral equations at regular and irregular 
boundary points can be approximated by a system of linear algebraic 
equations 
AU = B (4.9) 
where A is the coefficient matrix, U is the unknown IIdisplacement lt vector 
and B is a known vector. If the boundary tractions are prescribed, then 
U 
(i) 
where u l 
(i) h d' 1 . h u2 are t e lSP acements In t e x and y coordinate directions 
regular boundary point, and K~k) is 
J 
at the i-th the j-th generalized dis-
placement at the k-th irregular boundary point. 
In problems of this type the matrix A is singular, since if U is 
a solution so is U + UR where UR is an arbitrary rigid body displacement 
satisfying the equation 
Therefore~ the rigid body displacements must be specified so that the singular 
system of equations is reduced to a set of equations which admit a unique 
solution. 
Usually this is done by setting three of the unknown displacements 
equal to zero and eliminating the equations in Eqs. (4.9) which contain 
the diagonal coefficients associated with the zero displacements. In other 
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words, three rows and columns of A and three rows of B are eliminated. This 
corresponds to imposing a set of physical constraints which do not affect 
the state of stress in the body. 
It is generally assumed that constraints which lead to a stable 
physical system result in well conditioned equations. However, a notable 
exception arises in crack problems when the elimination of one or more of 
the rigid translations at the crack tip results in a singular set of equa-
tions. This follows from the fact that all the coefficients of the A 
* matrix for the crack-tip translations except the diagonal coefficients 
are zero. Therefore, coupling between the crack-tip translations and the 
displacements at the remaining boundary points occurs only in the equations 
for the translations. Now suppose that these translations are eliminated 
and the body is prevented from rotating by prescribing one component of the 
displacement at some other boundary point. Then, the equations associated 
with the remaining displacements are satisfied for the prescribed crack-tip 
translations plus any other rigid body translations. It turns out, however, 
that this difficulty is not serious and can be easily avoided by choosing 
more suitable constraints. In the crack problems considered in this study 
(Fig. 17) the horizontal displacements at points 15 and 35 along with the 
vertical displacement point 25 were set equal to zero. 
* The crack-tip trans la tions are the modes associated· wi th the eigenv.alues 
A = 0, o. 
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5. NUMERICAL SOLUTIONS TO SOME SAMPLE PROBLEMS 
5.1. General Description 
Numerical solutions for three plane strain problems were obtained 
in order to test the theory developed in Chapter 3. In each case, the 
modulus of elasticity was taken as 30 x 106 psi and Poisson's ratio as 
0.25. These problems were selected with the aim of investigating both the 
accuracy and stability of the solutions as affected by: 
1. The number and distribution of boundary points; and 
2. The number of Aksentian "modes" in the eigenfunction 
expansion at irregular boundary points (i.e., the 
number of generalized displacements to be determined). 
One set of solutions was obtained for a notched circular plate 
(Problem 1) subjected to the tractions shown in Fig. 12. The remaining two 
problem sets deal with the determination of stresses in a cracked plate 
for two different loadings. In Problem 2, the tractions applied along the 
boundary are computed from the solution of the Griffith crack problem with 
the stresses at infinity taken as a = a = 30 ksi and T = 0 (see Fig. 16). 
x y xy 
The obvious advantage in selecting such a loading is that the numerical 
results can be compared with the exact solution obtained from the Griffith 
field. 
The loading condition in P~oblem 3 corresponds to a uniform normal 
traction applied on the faces parallel to the crack as shown in Fig. 19. 
Exact solutions for Problems 1 and 3 are not available. However, 
it is still possible to test whether these solutions are consistent by 
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first computing the stresses at specified points near the notch in terms 
of the eigenfunction expansions given in Eqs. (2.18). Then these stresses 
can be compared to stresses which are obtained by differentiating the inte-
gral equations for the displacements. In the latter case, the method of 
determining the stresses begins with the formation of the integral equa-
tions (3.3) for the displacements at the specified points. Then, the 
integral equations for the strains are obtained by differentiating the 
kernels underneath the integral sign. That is, 
dU, 
--1.(P) 
d~ 0., , 1.J 
-1 * dU" (Q) 
d 1.J ds (Q) 
xk 
,,- * 
; at" (Q) J ) a~ u j (Q)ds (Q) 
L 
(5.1) 
where k = 1, 2. The values of 0.,., of course, depend on whether P is a 
1.J 
boundary or interior point. The stresses are easily obtained from the strains 
in Eq s . (5 . 1) . 
Before calculations can be carried out, a scale must be chosen 
for the eigenfunctions. In the problems under consideration, the magnitude 
of the vector displacement for each eigenfunction was set equal to one inch 
at the transition points shown in Figs. 12 and 17. 
The results presented in the following sections include the dis-
placements at certain boundary points and the stresses at several interior 
points. Some of the generalized displacements are also tabulated. The 
units in which the generalized displacements are measured can be deduced 
from the relations in Chapter 2. 
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5.2. Numerical Results 
5.2.1. Re-entrant Corner Problem (Problem 1) 
Solutions for Problem 1 were obtained for a variety of boundary 
point spacings, some of which are indicated in Figs. 12, 13, and 14. Dis-
* placements and generalized displacements at the 22 ordinary boundary 
points in Fig. 12 were obtained using 57 equations (see Tables 1 and 2). 
The relative changes in these displacements that result from the choices 
in the distribution of boundary points indicated in Figs. 13 and 14 are 
less than 0.5 percent. As shown in Figs. 13 and 14, the two solutions cor-
respond to 22 and 18 ordinary boundary points, respectively. When 34 
ordinary boundary points were used, the relative improvement in the results 
was approximately 1.5 percent. This suggests that sufficiently accurate 
results can be obtained with a fairly small number of equations. 
Initially, eleven Aksentian modes were used in the eigenfunction 
expansion at the re-entrant corner. It can be seen from Table 2 that the 
last four terms contribute only a small fraction to the total displacement 
in the intervals adjacent to the re-entrant corner. The changes in the 
solution which are observed when the last four modes are omitted are less 
than 0.1 percent. 
Two different methods were used to compute the stresses 0p' O¢, 
Tp¢ at the interior points shown in Fig. 15. Those stresses found by use 
of the eigenfunction expansions, Eqs. (2.18), are denoted by 0p (1), o¢ (1) 
(1) 
Tp¢ the stresses obtained from the integral expressions, Eqs. (5.1), 
* The points at which the equations are written· (see Section.4 .1) . 
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(2) (2) (2) 
are denoted by 0p , 0¢ ,Tp¢ Stress computations were carried out 
for the boundary point configurations of Figs. 12 and 13, with eleven modes 
included in the eigenfunction expansion at the re-entrant corner. Approxi-
mately 98 percent of the maximum stresses ° (1) ° (1) T (1) at the p , ¢ , p¢ 
points Pl and P4 and 80 percent at P3 and P6 arise from the first nonrigid 
body mode. This trend is not surprising since this is the only singular 
symmetric mode in the expansion for the stresses. 
It is more significant, however, that the two different methods 
for computing the stresses give essentially the same results even at the 
more distant points P3 and"P6 where the cOhtrib'CLtion of the higher" modes 
is not at all negligible (see Table 3). 
5.2.2. The Griffith Crack Problem (Problem 2) 
The tractions at a number of boundary points (Fig. 17) were com-
puted from the Griffith solution. Approximate displacements at these points 
were then obtained using the proposed method. It can be seen from Table 4 
that the absolute error in these displacements is less than 0.5 percent. In 
this case, eight modes with the eigenvalues (A = 0.0, 0.0, 1.0, 0.5, 1.0, 
1.5, 2.0, 2.5) were used together with the eigenfunction expansions, 
Eqs. (2.18), to compute the stresses near the crack tip. It can be seen 
from Table 5 that the approximate and exact stresses at the interior points 
in Fig. 17 agree remarkably well in view of the fact that only 80 algebraic 
equations at 34 ordinary boundary points were used in obtaining the solution. 
It is possible to arrive at an accurate estimate of the stresses at suf-
ficiently small distances from the crack tip in terms of just the fourth 
* The first " three eigenvalues correspond to the rigid-body modes. 
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generalized displacement, which in this case is proportional to the stress 
intensity factor. The error in the intensity factor was approximately 0.02 
percent. 
The stresses at the external corners are computed in terms of 
the appropriate particular solutions, i.e., Eqs. (3.25). It should be re-
called from Chapter 3 that these solutions are determined directly from the 
prescribed boundary tractions near the corners. 
In this problem, it turns out that the crack boundaries are un-
strained. It is therefore encouraging that the two generalized displace-
ments which produce stretching along the crack boundaries are negligible 
when compared to the generalized displacements associated with the opening 
modes (see Table 6). 
The results are stable with respect to changes in the number and 
distribution of boundary points. For example, errors of less than 2 percent 
were observed when 14 of the 34 boundary points in Fig. 17 were removed 
(see Fig. 18). 
In addition, the results obtained using 34 boundary points re-
mained stable when the number of modes at the crack tip was varied. Errors 
in the displacements at the ordinary points of approximately 1.0 percent 
occurred when the last four modes were omitted from the eigenfunction 
expansions. 
The choice of the length of the intervals adjacent to the crack 
tip had only a minor effect on the boundary displacements. When eight modes 
were included at the crack tip and the adjacent intervals in Fig. 17 were 
doubled to two inches, errors in the displacements at the boundary points 
of less than 0.5 percent were -noted. 
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5.2.3. Uniformly.Loaded Cracked Plate (Problem 3) 
Some of the displacements at the boundary points (Fig. 17) of 
the uniformly loaded plate in Fig. 19 are presented in Table 7. In addition, 
stresses at several interior points are shown in Figs. 20 and 21. The 
(1) (1) 
stresses 0p ,o¢ , (1) Tp¢ are computed from the eigenfunction expansion 
with eight modes and (2) (2) (2) the stresses 0p ,o¢ ,Tp¢ are obtained by dif-
ferentiating the integral equations for the displacements at the interior 
points. It is apparent from Figs. 20 and 21 that the two sets of stresses 
agree remarkably well for a sufficient small p, which suggests that the 
expansion is a valid asymptotic representation of the field. On the other 
hand, the results do not lend any support to the assumption of practical 
far-field convergence, for a reasonable number of eigenfunctions. 
5.3. Discussion of Results 
The solutions presented in the previous sections were found to be 
stable with respect to the number and distribution of boundary points and 
the number of modes included in the eigenfunction expansions. This is due 
at least in part to the fact that the proposed integral equation approach 
results in a system of linear algebraic equations with large diagonal co-
efficients, which is one indication of good conditioning. Of course, the 
exceptionally accurate results cannot be entirely attributed to favorable 
conditioning. The accuracy of the integral approximations was also an 
important consideration. Certain numerical refinements such as subdividing 
the boundary intervals and including the effect of boundary curvature in 
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the singular integrals played a particularly important part in achieving 
accurate results (see Chapter 4). 
Another factor contributing to the success of the method was that 
the generalized displacements cannot couple directly with each other (see 
Chapter 3). Rather, they couple with the far-field displacements. This 
is perhaps the most important reason why the generalized displacements 
associated with the lower modes were not significantly affected by the 
addition of the higher modes. 
Just as important as the stability of the results is the fact 
that they conform to the underlying assumption that the eigenfunction expan-
sions are valid representations of the field near the stress singularities. 
Admittedly, the mathematical nature of these functional expansions is still 
somewhat obscure. However, there is reason to suspect that the expansions 
are not globally convergent. Consider, for example, the plate with a 
wedge-shaped corner shawn in Fig. 22. One can always specify the tractions 
so that there is a net resultant force acting on the sub-region R which can 
only be balanced by the internal normal and shear stresses (0¢, Tp¢) along 
PQ. But, if the sides of the wedge near the apex are free from tractions 
the stresses (0¢, Tp¢) associated with each eigenfunction vanish along OPQ. 
Therefore, at least in this case, it is readily apparent that the eigen-
function expansions are not convergent at the far-field points. This, to-
gether with the fact that the expansions were found to provide an excellent 
representation of the field at sufficiently small distances from the singu-
larity seems to suggest that the eigenfunction expansions are asymptotic 
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series. The situation is well expressed in a statement by Carrier and 
Pearson(2l), viz. 
It is a fact of life that, in many problems 
in which asymptotic series are of enormous value, •.• 
the investigator .... frequently makes do with a series 
that has the form of an asymptotic series but which he 
cannot prove. is an asymptotic series. 
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6. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 
6.1. Summary 
An integral equation formulation was developed for boundary value 
problems with stress singularities in which the small displacement theory 
for linearly elastic materials is assumed to hold. This formulation is 
based on the reciprocal theorem which relates certain auxiliary solutions 
to the actual solution. Kelvin auxiliary solutions which correspond to a 
concentrated force acting in an infinite body were used to pick out the 
displacements at regular points and express them in terms of work integrals 
that contained the actual boundary values. The corresponding traction and 
displacement kernels were obtained directly from Kelvin's solutions. The 
integral equations at irregular boundary points were obtained by repre-
senting the stress state near the irregular point in terms of a series of 
eigenfunctions. Each term of the expansion is known to within a multi-
plicative constant which serves as a generalized displacement. A set of 
auxiliary solutions were then derived. The n-th auxiliary solution picks 
out the n-th generalized displacement and relates it to work integrals that 
involve the actual far-field boundary values. 
Numerical results based on this formulation were obtained by 
approximating the integral equation by a set of linear algebraic equations, 
which was then solved for the unknown generalized displacements and boundary 
values. 
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6.2. Conclusions 
The main conclusion that can be drawn from this study is that the 
extended integral equation method can be applied successfully to a wide 
range of technically relevant problems. The method is both conceptually 
simple and numerically effective. 
It is clear from the results presented in Chapter 5 that the 
integral equation approach provides accurate solutions that are relatively 
insensitive to changes in the number and location of boundary points or to 
the number of eigenfunctions included in the expansion at irregular boundary 
points. Moreover, these solutions were obtained using a small number of 
simultaneous equations. 
6.3. Recommendations for Further Study 
Most of the investigations that deal with the determination of 
stresses in cracked plates treat cracks which are straight. One may also 
wish to consider a curved crack. The integral equat~on method could be 
applied to this class of problems if certain modifications in the formula-
tion were introduced. In this case it is necessary to construct auxiliary 
solutions that pick out the boundary displacements along a curved crack. 
One way this can be accomplished is to consider a curved crack as the limiting 
case of a curved slit of width o. First, two Kelvin forces ql and q2 
are applied to opposite sides of the slit and then the desired auxiliary 
solutions are obtained by the limi~ing process described in Appendix F. 
The procedure appears promising and merits further study. An equally pro-
mising approach would be to deform the straight branch cut which is 
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associated with the prying force solutions described in Chapter 3 so that 
it coincides with the curved crack. The latter approach would also be 
required at the irregular points on the crack. 
Another worthwhile extension would be to develop a numerical 
method for evaluating the effect of plate thickness on the singular stress 
distribution. Analyses of ·thick plates show that the stress state is 
11 h d ' . I th d (22), (23), (24) essentia y t ree- ~mens~ona near e e gee However, the 
fact that this boundary layer disturbance is local suggests the possibility 
of applying a local correction to the two-dimensional solution. 
The problem of determining singular stress states in a non-
homogeneous medium is also of considerable interest. The integral equations 
might be formulated with the same auxiliary solutions that were used in 
the homogeneous case. The only differehce is that the nonhomogeneity gives 
rise to a body force term which appears in the formulation as a surface 
integral. Analogous surface integrals are encountered in shallow shell pro-
blems when the integral equation are obtained using the auxiliary solutions 
(4) for the plate problem. Since the nonhomogeneous and inelastic problems 
are'closely related, it may then be possible to solve the inelastic problem 
incrementally, i.e., as a set of nonhomogeneous problems. 
Perhaps the most important further work required is a solution of 
the data-processing problem of setting up the equations for a body of 
general shape in an automatic fashion. The accuracy of the results seems 
to warrant such effort. 
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TABLE 1. 
SOME BOUNDARY DISPLACEMENTS 
FOR THE RE-ENTRANT CORNER PROBLEM: Problem 1 
Boundary 
u1 , in. x 10-
2 
u 2 , in. x 10-
2 
Point 
1 0.000 0.317 
2 -0.276 0.216 
3 -0.384 0.150 
4 -0.448 0.093 
5 -0.483 0.048 
6 -0.498 0.021 
7 -0.516 0.000 
8 -0.495 -0.018 
9 -0.478 -0.024 
10 -0.593 -0.009 
11 -0.679 0.000 
12 -0.371 0.048 
13 -0.051 0.183 
14 0.017 0.316 
15 0.000 0.376 
Boundary Hade 
Point No. 
1, Za 
3b 
4 
1 5c 
6, 7 
8, 9 
10, 11 
1 2a , 
7 3b 
4 
;'( 
TABLE 2. 
GENERALIZED DISPLACEMENTS FOR RE-ENTRANT 
AND EXTERNAL CORNERS*: Problem 1 
Eigenvalues 
A 
0.00000 
1.00000 
0.54448 
0.90853 
~~6293 + 0.23125i 
. 2~9718 + 0.37393i. 
4.3104 + 0.455491 
0.0000 
1.0000 
2.7396 + 1.1190i 
See Section 5.1 for the units and scale. 
a Rigid translation modes (u l ' u2). 
b Rigid rotation modes. 
C Antisymmetric mode. 
Generalized Displacements 
x 10-2 
0.00000 0.31740 
0.00000 
0.28980 
\J1 
0.00000 -......J 
0.0.1801 0.01294 
0.00039 . -0.00036 
-0.00002 -0.00002 
-0.51580 0.00000 
0.02701 
0.00140 0.00110 
TABLE 3. 
STRESSES NEAR THE RE-ENTRANT CORNER: Problem 1 
,/, ~ (1) (2) (1) (2) ( 1) ( 2) Interior P2 a a~ a~ Tp~ Tp~ 
Point p p in in. ksi ksi ksi ksi ksi ksi 
1/2 23.21 23.07 41.77 41. 70 0.0 0.0 
PI 1 23.23 23.22 41.79 41.79 0.0 0.0 
1/2 13.69 13.60 32.10 32.10 0.0 0.0 
P2 l.n 1 13.70 13.69 32.13 32.14 0.0 0.0 OJ 
1/2 8.96 8.91 28.25 28.26 0.0 0.0 
P3 1 8.97 8.96 28.26 28.29 0.0 0.0 
1/2 41.18 40.99 13.67 13.59 18.24 18.30 
P4 1 41.20 41.20 13.68 13.66 18.25 18.26 
1/2 31.43 31.33 6.43 6.53 13.90 13.86 
P5 1 31.45 31.43 6.43 6.45 13.91 13.92 
1/2 27.48 27.47 2.94 3.02 12.17 12.10 
P6 1 27.49 27.48 2.94 2.99 12.17 12.18 
* The length of the intervals adjacent to the irregular point (see Fig. 15). 
Boundary 
Point 
1 
2 
3 
4 
5 
6 
7 
8 
10 
18 
21 
23 
25 
59 
TABLE 4. 
SOME BOUNDARY DISPLACEMENTS 
FOR A CRACKED PLATE: Problem 2 
Exact Disp1. , in. x 10-2 Approx. 
u1 u2 u1 
-0.230 0.000 -0.230 
-0.230 -0.621 -0.230 
-00230 -0.839 -0.231 
-0.230 -0.974 -0.230 
-00230 -1.061 -0.230 
-0.230 -1.109 -0.230 
-00230 -10125 -0.230 
-0.230 -1.120 -0.230 
-0.230 -1.090 -0.230 
0.310 -0.623 0.310 
0.516 -0.461 0.516 
0.464 -0.249 0.464 
0.420 0.000 0.420 
Disp1. , in. x 10-2 
u2 
0.000 
";'0.622 
-0.838 
-0.974 
-1.060 
-1.109 
-1.125 
-1.120 
-1.090 
-0.623 
-0.461 
-0.250 
0.000 
TABLE 5. 
STRESSES NEAR THE TIP OF A CRACK: Problem 2 
Interior Exact Stresses, ksi Approximate Stresses, ksi 
Point CJ a~ Tp~ CJ CJ~ Tp~ P P 
P1 78.00 78.00 0.0 77.99 77.99 0.0 
P2 50.00 50.00 0.0 49.97 49.97 0.0 
0\ 
0 
P3 45.36 45.36 0.0 45.29 45.30 0.0 
P4 79.54 30.99 27.52 79.53 31.00 27.50 
P5 47.71 24.07 17.32 47.66 24.18 17.37 
P6 42.09 23.65 15.46 41.99 23.86 15.55 
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TABLE 6. 
* GENERALIZED DISPLACEMENTS 
FOR A CRACKED PLATE: Problem 2 
Boundary Mode . Eigenvalues Generalized Displacements 
Point .No o A x 10-2 
1, 2a 0.0000 -0.230, 0.000 
3b 1.0000 0.00000 
4 0.5000 0.64941 
1 5c 1.0000 -0.00003 
6 1.5000 -0.02708 
7c 2.0000 -0.00001 
8 2.5000 -0.00056 
0.0000 -0.230, -1.125 
7 1.0000 0.00000 
* See Section 5.1 for the units and scale. 
a Rigid translation modes CUI' u 2). 
b Rigid rotation modes. 
c Stretching modes. 
Boundary 
Point 
1 
2 
3 
4 
5 
6 
7 
8 
10 
18 
21 
23 
25 
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TABLE 7. 
SOME BOUNDARY DISPLACEMENTS 
FOR A CRACKED PLATE: Problem 3 
u1 , in. x 10-
2 
-4.762 
-4.818 
-4.860 
-4.880 
-4.883 
-4.876 
-4.876 
-4.007 
-2.343 
~1.097 
.-1.:622 
-2.~76 
.. '-3.506 
u 2 , in. x 10-
2 
0.000 
-2.100 
-3.187 
-4.160 
-5.081 
-5.961 
-6.830 
-6.830 
-6.848 
-1.106 
0.360 
0.513 
0.000 
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APPENDIX A 
THE DISPLACEMENT FIELD NEAR 
AN IRREGULAR BOUNDARY POINT 
The displacements near an irregular boundary point are first 
expressed as 
The corresponding stresses are obtained from 
S 
P 
A-I =~ l-2\J [(v+A-VA) A(¢) + Ble¢)] 
[(I-v) Bt (¢) + (1-'0+'01.) A(cp)] 
(A. 1) 
(A.2) 
where ~ is the modulus of rigidity and v is Poisson's ratio. The primes 
denote differentiation with respect to ¢~ 
It follows from the equilibrium equations (2.1) that 
A(¢) = C.a. (A,cp) 
J J 
B (¢) C . b . (A, ¢) 
J J 
(j 1,2,3,4) (A.3) 
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The trigonometric functions a. and b. are given by 
J J 
CA-3+4v) cos(A-l)¢ 
a 2CA,¢) C~,-3+4v) Sl.~l(A-l)¢ 
a3 CA,¢) cos(A+l)¢ 
a 4(A,¢) = sin(A+l)¢ 
b1 CA,¢) -CA+3-4v) sin(A-I)¢ 
b2(A,¢) = (A+3-4v) cos(A-I)¢ 
b3CA,¢) = -sin(A+I)¢ 
S\lbstituting Eqs. CA.3) into Eqs. CA.2) gives the stresses 
where 
S = PC¢)pA-I 
P 
S¢ Q(¢)pA-I 
S = RCt!,) A-I p¢ 'Y P 
P (¢) 
Q (¢) 
R(¢) 
C.p. (¢,A) 
J J 
C.q.C¢,A) 
J J 
C.r.C¢,A) 
J J 
(A.4) 
(A. 5) 
CA.6) 
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The trigonometric functions p., q. and r. are expressed in terms of 
J J J 
equations (A.4). 
The boundary values are then specified along the limiting tangents, 
i.e., at ¢ :; 0 and ¢ = e . 
o 
In the case of the traction-free wedge the 
boundary conditions from Eqs. (AoS) and (A.6) are 
C.q, CO,A) 0 
J J 
(j 1.,2,3,4) (A. 7) 
C,q. (8 ,A) = 0 
J J 0 
C,r,(e ,A) 0 
J J 0 
Setting the determinant of this system equal to zero, we find there are an 
infinite nmnber of eigenvalues (A ; m = 1,2, ..•. ) and eigenvectors 
m 
(c .. m :; 1,2, ".0.) that satisfy Eq. CA. 7). The displacement and stress Jm' 
fields that correspond to the m-th eigenvalue A are 
m 
A 
U d A (¢)p m 
pm m m 
A 
U = d B C)" m ¢m m m cP f-' 
A 
S d Pm (¢)p m pm m 
A 
S¢m d Qm (¢)p 
m 
m 
A 
S d Rm (¢) p m p¢m m 
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where the coefficient d = dl + d2 is an arbitrary constant. The functions m m m 
A (¢), B (¢), ... . ,R (¢) are obtained from Eqs. (A.3) through (A.6) with one 
m m m 
element of the C. set equal to a suitably chosen constant. 
Jm 
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APPENDIX B 
sm1E AUXILIARY SOLUTIONS 
B.l. Kelvin Solution' 
i~ * The tractions and displacements tij(Q), uij(Q) at a boundary point 
Q due to a concentrated force in the i-th direction at a point Pare 
a) Tractions 
b) 
:k. 
U . (Q) 
11 
* u 2l (Q) 
r 
A (r2 + B)---E:. 
x r 
A(r r r 
x y n 
1 Br )-
s r 
Displacements 
Lnr + Cr2 
x 
Cr r 
x y 
* u12 (Q) 
* u22 (Q) 
A(r r r + Br )! 
x y n s r 
r 
A(r 2 + B)--E. 
Y r 
Cr r 
x y 
Lnr + Cr2 y 
(B. 1) 
(B.2) 
where r r(P,Q) and the subscripts x,y,n,s indicate differentiation with 
respect to the x,y,n~ and s coordinates shown in Fige 2. The constants A, B, 
Care 
1 
B = '2 -A-+-l.l-
l.l 
C A + l.l A + 3l.l 
The Lame constants l.l and A can be expressed in terms of the modulus of 
elasticity E and Poissonts ratio v~ i.e., 
E 
2 (l+v) 
90 
and for plane strain 
\) E 
(1 +v) (1-2 v) 
B.Zo Prying Force Solutions 
It is convenient to express the stress and displacement fields 
associated with the prying forces shown in Figs. 7 and 8 in terms of the 
complex potential 
Z=Z(z); z = x + iy 
Then, according to Westergaard (6) , the stress and displacement fields 
symmetric about the x-axis are 
a) Stresses 
cr = ReZ - yIm2 t 
x 
cr y ReZ - yIm2 t 
T -yReZ t 
x:y 
b) Displacements (Plane Strain) 
1 [(1-2v)ReZ - yIm2] u 21J x 
1 [Z(l-v)ImZ - yReZ] u 211 y 
(B.3) 
(B. 4) 
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where]J and \) are the modulus of rigidity and Poisson's ratio. The addi-
tional complex functions Z' and Z are related to Z as follows: 
Z1 
= dz 
dZ dZ 
Z = dz 
Fields which are antisyrnmetric about the x-axis are given by 
a) Stresses 
() 2 1rnZ + yReZ' 
x 
(5 -yReZ~ y 
T ReZ - y1m2' 
xy 
b) Displacements (Plane Strain) 
U
x 
= ~lJ [2 (1-\)) 1rnZ + yReZ] 
uy = ~]J [-(1-2-v)ReZ - yIm2] 
In the two C8ses shown in Figs. 7 and 8 the stress functions Z(z) are 
Z(z) F If 11 (b+z) 
and 
2 (z.) bF 1 
1TZ 
/z2 _ b2 
(B.5) 
(B.6 ) 
(B.7) 
(B.8) 
(B.9 ) 
respectively. The prescribed constant F is the magnitude of the concentrated 
force and b is the distance from the crack tip to the point at which the 
force is applied. 
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APPENDIX C 
DETE~INATION OF THE N-TH GENERALIZED FORCE 
C.l. Auxiliary Solution 
The n-th auxiliary solution is obtained by replacing A with-A 
n n 
in the n-th term of the actual solution as represented by Eqs. (2.8) and 
(2.14). This gives 
* S pn 
* S. 
cpn 
* S 
p </>n 
* 
a) Displacements 
b) Stresses 
* * 
-A -1 
d P (</»p n 
n n 
* * 
-A -1 
d Q
n 
(</» p n 
n 
* D</>n 
where d is a constant. If A is complex the field is complex and 
n n 
* ~~ 'k 
(C .1) 
(C.2) 
d
n 
= dIn + d2n i. Then, two independent real auxiliary solutions can be 
obtained from relations similar to Eqs. (2.15) and (2.16)~ The resulting 
express ions are 
93 
a) Displacements 
,";: K*(l) 'k (1) * (2) *(2) u D + K D pn n pn n pn 
(C.3) 
1:: * (1) 1~ (1) ;~ (2) *(2) u. K D¢n + K . D. cpn n n cpn 
b) Stresses 
'";'i~ ,f, (I ~ T*(l) ,', '2) * (2) S K" .l..,' +- K~ t. T pn n pn n pn 
* :k (1) T*(l) ;'~(2) ;'~ (2) 
S¢n K + K T¢n (C.4) n cpn n 
* S . :: 
PCPn 
T*(l) T K*(2) T*(2) 
pcpn Ii. P qm 
*(1\ *(2 i 
where K ) and K / are suitably chosen real constants. As will be seen 
n n 
in the next sEcrion~ thE auxiliary solutions appearing in section 3e303 are 
obtained by raking cwo lndependent combinations of the terms in Eqs. (C.3) 
and (C ~ 4) e 
C.2. The Generallzed Force 
The n-th generalized force is obtained by substituting Eqs. (2.17), 
(2.18), (C.3) and CC.4) into the left hand side of Eqs. (3.20). The work 
integral w~k) associated wirh the k-th independent term of the n-th auxiliary 
solution is 
;'I:(k) 
K 
n I 
m 
8 
o ~ K (£) J G (k) (£) (cp s) sdcp 
L m mn ' 
,Q,=l o 
(k=1,2) (C.S) 
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where 
G(k)(,Q,) 
mn 
( ,Q,) *(k) *(k) (,Q,) (,Q,) *(k) *(k) (,Q,) [T D - T D] + [T D ~n - T D ~m ]. pm pn pn pm p¢m ~ p¢n ~ 
The procedure for evaluating these integrals will be illustrated by expanding 
G(l)(l) in terms of Eqs. (2.15) through (2.16) and the corresponding equations 
ron 
for the auxiliary solutions. This gives 
e 
o 
JG (1) (1) sd¢ mn 
o 
A -A A -A 
Re H(e , A , A )s m n + Re H(e ,A I)s m n 
o m nom' n 
where 
H(e A, A ) 
0' m n 
H(e , A , A ) 
o m n 
e 
o 
2~[Pm(~)A:(~) + Rm(~)B:(~)l 
o 
,'< ... ' ... 
+ R (¢)B (¢)] _ [Pft(¢)A (¢) + 
m n n m 
R * (¢) B (¢) ~d¢ 
n m ~ 
(C.6) 
(C.7) 
(C.8) 
It is now convenient to use the reciprocal theorem in complex form, 
if indeed this is possible. An examination of a standard development of 
the reciprocal theorem, e'.g., Ref 0 (25), shows that each step is valid for 
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complex as well as real fields, provided that the material properties are 
real. 
Let us apply the reciprocal theorem to the following complex fields 
defined in the annular sector shown in Fig. 4. 
Solution 1 Solution 2 
\ i, 
* 
-\ 
m n 
u A C¢)p u An(¢)p pm m pn 
A ~'~ ·l~ -\ m n 
u¢m B (¢)p ucpn Bn(¢)p m 
A -1 i~ pi, (cp)p 
-\ -1 
m n 
s P (CP)..- s pm m i'-' pn n 
A -1 -;.~ 
* 
-\ -1 
m n 
s¢m Qm(¢)p scpn Qn(¢)p 
\ -1 i~ .;'r: -\ -1 m n 
s p¢m R (¢)p s pcpn R (¢)p m n 
where Re A > 0; Re \ > 0 0 The first solution satisfies the homogeneous 
m n 
boundary conditions for any m. Solution 2 is obtained by replacing \ 
n 
in the n-th actual solution by -\. Therefore, according to proposition 1, 
n 
solution 2 satisfies the same boundary conditions and the work terms along 
the radial boundaries of the annular sector must vanish. Consequently, 
the reciprocal relation can be expressed as 
\ -A 
m n H( e , A , 
o m 
A ) 
n 
A -\ 
m n R(e , A , \ ) 
o m n 
(C.9) 
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If)\ is unequal to A then R(e , A , A ) must vanish. Similar ly, it follows 
m nom n 
that R(e , A , T ) and R(e , I , A ) are zero for all m and n. Then 
o m nom n 
e 
o 
J G (l) (1) (¢ s) sd¢ mn ' o O· , m=fn 
and 
e 
o j G(l)(l)(¢ s)sd¢ nn ' 
o 
where 
* * * * 
(C.lO) 
F(¢,A ) 2 [P (¢)A (¢) + R (¢)B (¢)] - [P (¢)A (¢) + R (¢)B (¢)] 
n n n n n n n n n 
It can also be seen that 
8 
o j G(1)(2)(¢ s)d¢ nn ' 
o 
G(2)(1) 
nn 
G(1)(2) 
nn 
(C. 11) 
G (2) (2) -G (1) (1) 
nn nn 
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SubstitutLng Eqs. (C.IO) and (C. 11) into Eq. (C.S) &ives 
2 
Wei) L K (Q,) r (.Q,) • (i 1,2) d n ni ' 
Q,=l 
where 
e e 
0 0 
r C:) a (~) Re 1 F (~ , A ) d¢ + b (~) r1 F(~ A )d~ 
nl nl n nl ' n 
0 0 
The index i refers to the work contribution of the two auxiliary solutions 
and the eQ,) and b (~) are given by a . 
III nl 
(1) 1-:(1) b (1) 0 a ~ K 
nL n ni 
(2) 0 b (2) * (1) ani K ni n 
(C.12) 
(1) 0 (1) * (2) a
n2 bn2 K n 
(2) ;', (2) b (2) 0 a
n2 
-K . 
n ' n2 
Since there are two independent auxiliary solutions for each complex eigen-
value ~ we obtain two equations that contain both generalized displacements 
n 
(see Eqs. 3.22). 
It is possible to decouple the generalized displacements by con-
structing two new independent auxiliary solutions. This is accomplished by 
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taking independent combinations of the auxiliary solutions in Eqs. (C.3) 
and (C.4) so that 
K* (2) = 1- K* (1) 
n R n 
(C.13) 
*(2) -R *(1) 
K = - K 
n I n 
where 
(C.14) 
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APPENDIX D 
SPECIAL WORK INTEGRALS EVALUATED 
OVER INTERVALS TF~T CONTAIN TOUCHING CORNERS 
When dealing with touching corners, it is necessary to evaluate 
,,.Jork terms over a straight portion of the boundary Ll adjoining the arc 
L shown in Fig. 9. 
s 
The additional rotational auxiliary solution discussed in Section 
304 0 2 gives rise to tractions which become unbounded at the intersection of 
Ll and Ls as s approaches zero. However, it turns out that the net work 
terms associated with these tractions are bounded. In the subsequent 
development, the work terms are established for the case in which the eigen-
values are real. This restriction is a convenience rather than a necessity. 
Under the assumption that the eigenvalues are real, the m-th auxiliary 
solution and the special rotational auxiliary solution can be conveniently 
expressed in terms of the notation used in Eqs< (3.4)~ (3~5), (3.7), and 
(3. 8) . That is, 
The m-th actual solution The auxiliary solution 
A ,f~ -;~ 
* 
-1 D K A C¢)p m D K2 A2 (¢)p pm m m p2 
A 
"'1<: 
-;" B; (¢) p -1 D<jJm K B C¢)p m D<jJ2 K2 m m 
A -1 i~ .'. -;'t: 
-2 m T K P (<jJ)'- T = K2 P2 C<jJ)p (D. 1) pm m m ,.... p2 
A -1 .f_ 
,'; *;f:; 
-2 
T<jJm K Qm(¢)p 
ill 
T<jJ2 K2 Q2(<jJ)P m 
A -1 
* * 
.f. 
-2 m 
R;C<jJ)P T K R (<jJ)p T p<jJ2 - K2 p<jJm m ill 
where Re A > Oe 
m 
100 
It follows from Eqs. (D.l) that the reciprocal work terms over 
Ll + Ls as E approaches zero are given by 
8 h 
* 
-K K Lim 2 m [A-If 0 Em 0 F(~)d~ + R;(eo)Am(eo)~ pAm-2 dP] 
s 
(D.2) 
s-+o 
where 
and 8
0 
= TI/2. Obviously, Wd is bounded for all Am greater than one. How-
ever, the work of the auxiliary tractions through the rigid body displace-
ments (A = 0 
m ' 
1) appears to be unbounded. The following more detailed 
treatment reveals that the work terms for A = 0, I are also bounded. 
m 
Consider the actual and auxiliary solutions (Eqso Del) defined in 
the annular sector shown in Fige 9 where the radii PI and P2 are chosen 
arbitrarily. The reciprocal relation for the solutions in the annHlar 
sector is 
8 
o 
i\ -1 f 
P2 m J F(~)d~ 
o 
8 
i\ -1 0 PI m F(¢) d¢ 
o 
P2 
J i\ -2 RX2~(8 )A (8) P m dp o m 0 
PI 
(D.3) 
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This equation must hold for any PI and P2 " 
Eq. (Do3) requires that 
-'-
R; (8 0)A2 (8 0) o 
* 
If 'A 
··m 
It turns out that R2(80) is not zero, therefore 
o (D.s) 
This result could have been obtained by inspection since the solu-
tion for m = 2 is a rigid body rotation and K2A2 (¢)p is the corresponding 
radial displacement which, of course, must vanish for all K2 , ¢ and pe 
A more interesting situation arises when Am = Al = O. In this 
case, Eqo (D~3) can be written as 
-1 
P2 
Since PI and P2 are arbitrary 
8 
o J F(<I»dq, 
o 
(D.6) 
o (De 7) 
From Eqs. (D.2), (DeS) and (D.7) we obtain the following bounded work terms: 
w 
A 
m 
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.'A 
·m 
1 
(D.8) 
o 
Problems in which touching corners are subjected to tractions can 
be treated in a similar fashion. The work integrals would then contain the 
additional particular solutions given by Eq. (3.25). 
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APPENDIX E 
QUADRATURE ERRORS FOR INTERVALS 
WITH BOUNDED KERNELS 
The need for subdividing the boundary intervals was pointed out 
in Section 4.2.30 The expression (408) provides a lower bound on the 
number of subdivisions in a given boundary intervalo In the following 
derivation of this expression we consider the integrals in Eq~ (4.1) eval-
uated between s, and s'+1 (see Figc 11)0 If t is the arc length measured 
J J -
from the j-th boundary point then these integrals can be expressed as 
h. 
I" j J J g (t) fCt) dt (c. 1) 
0 
where 
h, c:;, - s. 
J ~j+l , J 
If both the kernel get) and the boundary values represented by 
fCt) are regular in the interval h. the integrand G(t) = get) f(t) can be 
J 
approximated by a series of parabolic arcs each of which spans a pair of 
subintervals in h.. It is convenient to take subintervals of equal length 
J 
8.0 Then the number of subintervals is given by N. = h./8o The end 
J J J 
points of the subintervals are denoted by P where n = 1,2,3, ... ,N. + 10 
n . J 
The locations of these points are determined by the arc lengths t . 
n 
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Approximate values of the integrand at the points P can be 
n 
obtained in terms of the boundary values at Sj_l' Sj and Sj+l by first 
computing the exact values of the kernels at the points P. Then the 
n 
corresponding boundary values are obtained from a parabolic interpolation 
of the boundary values defined at Sj_l' Sj and Sj+lo Finally, the in-
tegral I. is approximated by applying Simpsonts Rule. 
J 
Expressions for the errors associated with this integral are 
obtained by expanding the integrand G(t) in a Taylor series about the points 
P k ' wher e k = 2, 4, .•.• ,N.e 
J 
If ~ is the arc length measured from Pk , then 
G(~) 
?;"2 ?;"3 
G(t) +?;"G'(t)+.2. G"(t)+2.. G"'(t)+ k '-;, k 2 k 6 k 
4 
l GIV(t ) + 24 k 0.0 •• 
(C.2) 
Equation (C.2) substituted into Eq. (C.l) gives 
I. 
J 
(C.3) 
The leading error term in the equation is given by 
E. (C.4) 
J 
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Since it is always possible to find an arc length nj where 0 < nj < hj 
such that 
then it follows from Eq. (C.4) that 
Similarly, for the reference interval h (see Fig. 11) 
o 
h 
IE 1< ~ IGIV(n )1 04 o - 120 0 0 
Now the integrand Get) can be expressed as 
IV g (t) f (t) + g'" (t) f ' (t) + g t , (t) f Tl (t) + 
IV g' (t)f T f f (t) + g(t)f (t) 
(CoS) 
(C.6) 
(C.7) 
(Co 8) 
in the intervals h, and h. At this point, it should be recalled that the 
J 0 
kernel is singular in some interval h.. Consequently, the magnitude of 
1. 
the error term in the intervals close to h depend almost entirely on the 
i 
first term in Eq. (C.8). IV It is reasonable, therefore, to use g (t) as a 
bas is f or error comparisons e The singular char ac ter of g (t) is 0"( r-S) 
where r"is the distance from the singular point to the point located by the 
arc length t. The leading error terms can then be written as 
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h 
I I 0 -8-4 ..,4 Eo-'::'120 ro M U o 
where M is a bounded positive constant. 
from the requirement that 
which together with relation (C.9) gives 
-a/4 
where 
a = S + 4 
Since 8, 
J 
h, IN. and 8 
J J 0 
8 
o 
h IN., then 
o 0 
a/4 
(C.10) 
An upper bound on 8, is obtained 
J 
(C .11) 
(C.12) 
(C.13) 
When the boundary values are expressed in terms of the'eigenfunction 
expansion (see" Section ~. 2.1) "the integrals encounter:ed are of the form 
I. 
J 
(C.14) 
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where G(t) = get) f(A ,t). Since the character of f(A ,t) is known, it 
m m 
is possible to integrate G(t) directly if a suitable approximate repre-
sentation for get) is chosen. In this study get) is approximated by a 
series of parabolic arcs. The leading error term is obtained by expanding 
the kernel get) in a Taylor series about the point Pk (k = 2,4, •... Nj ). 
If f(A ,t) is replaced by \f(A ,t)1 in h., term by term integration of 
m· m max J 
Get) gives a rough bound of the form 
or 
Therefore, a lower bound on the number of subdivisions N. is given by 
J 
relation (C.13) 
(C.1S) 
(C.16) 
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APPENDIX F 
A METHOD FOR OBTAINING AUXILIARY 
SOLUTUONS FOR CRACK PROBLEMS 
Auxiliary solutions that pick out displacements along a curved 
crack can be derived by considering a crack as the limiting case of a 
curved slit (see Section 6.3). Kelvin forces are applied on opposite sides 
of the slit. The limit of the corresponding solutions as the width of the 
slit 8 approaches zero gives the desired auxiliary solutions. The details 
of this limiting process will be carried out for a straight crack. Ex-
tensions to the more general case of a curved crack must include the effect 
of the boundary curvature. This can be accomplished in a straightforward 
manner by expanding the curvature in a Taylor series about the points where 
the Kelvin forces are applied. For simplicity only two cases are con-
sidered here. In the first case (Fig. 23) the forces are parallel to the 
crack and act in the opposite directionso In the second case they act 
in the same sense. Essentially the same analysis applies when the forces 
are perpendicular to the crack. 
Consider first the equal and opposite forces shown in Fig. 23. 
'le 
The tractions due to these forces are denoted by T. where j (j 
J 
refers to the ~ and n directions, respectively. It follows from 
1, 2) 
Eqs. (B.l) that the tractions on the upper boundary of the slit are given 
by 
T~(~) [ 
~2 
Cq8 -(-~2-+~8-2-)-2 + (F .1) 
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(F.2) 
where 
c 2 
IT (2B + 1) 
The work of these tractions through the actual displacements U. in the 
J 
interval -h < ~ 2 h is 
W= 
h 
U.(~)d~ +1 T~(~) J J 
S 
'IT 
U"(~)d~ 1T~(S,¢)u'(S'¢)Sd¢ J J J 
o 
Since the actual displacements are analytic they can be expressed as 
along the straight portion of the boundary and as 
au. au. 
Uj(S,¢) = UjCP) + scos¢ ~ (P) + ssin¢ ~ (P) + .... 
along L (see Fig. 23). 
s 
(F.3) 
(F.4) 
(F.5) 
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It now follows from Eqs. (F.3) and (F.5) that 
w (F.6) 
The limit of the work integral W is obtained by letting ~ go to zero faster 
than 0 with h = No. The analysis will be carried out using the first term 
in Eq. (F.4) for j = 1. The appropriate substitutions give 
-s 
Ul (P 1) Cqo [ J Ls 2 ~2 B 2 2] ds + W + + ~2)2 (~2 + o ) 
-·No 
(F.7) 
No 
f tCs2 ~2 + B <l 2J dS] - U 1 CP 1) q + 0 C E) + ( 2)2 (~2 + 
s 
First, the integrals are evaluated and then s is allowed to approach zero 
with 0 held constant. The resulting expression is 
Lim W 
s-+o 
Since 6/h « 1, N is very large and 
(F.8) 
Then, Eq. (F.8) can be written as 
Lim W 
E-+O 
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Replacing No with h and cancelling terms in Eq. (F.9) gives 
Lim W 
(F.9) 
(F .10) 
Now we let 0 approach zero, holding qo equal to a constant R. Therefore, 
Lim W = El 
s-+o 
0-+0 
-2C (~)R U (P ) h J 1 1 
The corresponding integral on the lower boundary is 
(F .11) 
(F .12) 
It follows from Eqs. (F.ll) and (F.12) that this auxiliary solution picks 
out the difference of the displacements at the points Pl and P2 " The in-
tegrals associated with the remaining terms of the expansion for Ul(~) 
will involve the derivatives of the displacements at Pl and P2 G However, 
these integrals vary directly rather than inversely with h. If h is 
sufficiently small only the first few terms of the expansion for the dis-
placements need be included in any practical computation. 
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The work terms along the remaining portion of the boundary can 
be computed in the usual manner (see Chapter 4). The boundary tractions 
associated with the new auxiliary solutions can be computed from the Kelvin 
solution as follows. First let qt.(P,Q) correspond to the tractions at a 
J 
boundary point Q due to a Kelvin force ql acting at PI" The point PI is 
located on the upper boundary of the slit as shown in Fig. 23. The trac-
tions at Q due to the two equal and opposite forces in Fig. 23 can be 
express ed as 
] 
or (F .13) 
As 0 approaches zero qo is held equal to a constant R. Therefore 
(F .14) 
In the case where the forces ql and q2 act in the same sense, the 
limiting process is much less delicate. The final result is merely that 
of the Kelvin solution for a force 2ql acting at Pl. 
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